We present an abstract result concerning Poincaré inequalities in cones. Some examples in Sobolev spaces are provided. We also discuss an application to a priori bounds of solutions for a general boundary value problem involving the vector p-Laplacian operator.
Introduction
Given a bounded open domain Ω ⊂ R N and p > 1, the classical Poincaré (others call it Friedrichs-Poincaré) inequality says that there exists a positive constant k = k(p, Ω) such that ‖u‖ L p ≤ k‖∇u‖ L p ∀u ∈ W , (1.1) where W is either W The aim of this note is to give an abstract unifying approach to a class of Poincaré type inequalities. As the examples provided show, this approach can be applied, among others to cones from W 1,p (Ω). The application that we give suggests the applicability of these inequalities for inferring a priori bounds on the solutions for a class of boundary value problems involving the vector p-Laplacian operator.
An abstract result
Below, X will be a subspace of a fixed normed linear space (Y , ‖ ‖) and | | : X → R will be a seminorm on X . For K ⊂ X a given nonzero (pointed) cone (αK ⊂ K , ∀α ≥ 0), we introduce the constant
Clearly, as
The space X will be endowed with the norm
and the topological properties of K will be understood with respect to (X, [ ]). We say that the cone K is reflexive if every bounded sequence {u n } ⊂ K has a subsequence which is weakly convergent to some u ∈ K . Defining N := {u ∈ X : |x| = 0}, we have the following: Proof. It suffices to prove that the infimum is attained in (2.2). Let {u n } ⊂ K be such that
there is a subsequence of {u n }, still denoted by {u n }, with u n → u ∈ K weakly in X . Using (ii) we infer that u n → u strongly in Y . This implies that ‖u‖ = 1, and so µ K ≤ |u|. Then, by the weak lower semicontinuity of the norm [ ], we get
which gives |u| ≤ µ K . We infer that µ K = |u| and the proof is complete.
Corollary 2.2. If (X, [ ]) is reflexive, the cone K ⊂ X is weakly closed, the embedding K ⊂ Y is compact and N
is reflexive, the embedding X ⊂ Y is compact and N = {0}, then µ X > 0 and
In addition, | | is a norm on X which is equivalent to [ ].
Proof. We have
Remark 2.4. It is clear that Theorem A is an immediate consequence of Corollary 2.3.
Some examples
, the evaluations of u(0) and u(T ) in the definition of K 1 make sense.
Proof. We apply Corollary 2.2 with the following choices:
is uniformly convex (see [3, 
and the proof is complete.
Example 2. Next, let Ω be a smooth bounded domain in R N and C 2 ⊂ L p (∂Ω) be a closed cone. We denote by R the set of all constant functions defined on ∂Ω. Putting
we have the following result.
Proof. Again, we apply Corollary 2.2 with the following choices:
and K = K 2 . It is standard that the space W 1,p (Ω) endowed with its usual norm
, which completes the proof.
Example 3. We conclude this section with a Poincaré inequality on a set of type
Let p * be the Sobolev conjugate of p. Recall that this is
Proof. Claim: The cone K 3 is weakly closed in the space (W 1,p (Ω), ‖ ‖ 1,p ). To prove this we can argue as follows. Denoting by N f the Nemytskii operator associated with f (s) = |s| q−2 s, s ∈ R, we know that N f is continuous from
(1/q + 1/q ′ = 1) (see [5] ). On the other hand, the linear functional L :
and the claim follows by the compactness of the embedding W
Then, like in the proof of Theorem 3.3 we have that
which yields the conclusion.
Remark 3.6. It should be noticed that Corollary 3.4 and Theorem 3.5 cannot be inferred by means of Theorem A.
An application
In this section we obtain the boundedness of the set of solutions for a two-parameter boundary value problem involving the vector p-Laplacian operator. The approach that we provide appears to be of interest when techniques such as Schaefer's theorem are employed in order to derive existence results (see e.g. 
we will understand a function 
. Also, the embedding with λ ∈ Λ and s ∈ Σ. Note that on account of Proposition 4.1 the boundary condition in (4.4 s ) makes sense. It is worth pointing out that (4.4 s ) recovers the classical boundary conditions as well as other ones of special interest [8, 3, 9] . Denoting by S the set of those u ∈ W 1,p ([0, T ]; R N ) for which there is a pair (λ, s) ∈ Λ × Σ such that u is a weak solution of (4. We introduce the constant
